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The paper presents a new procedure to construct micro-mechanical damage models able to describe size eﬀects in solids.
The new approach is illustrated in the case of brittle materials. We use homogenization based on two-scale asymptotic
developments to describe the overall behavior of a damaged elastic body starting from an explicit description of elementary
volumes with micro-cracks. An appropriate micro-mechanical energy analysis is proposed leading to a damage evolution
law that incorporates stiﬀness degradation, material softening, size eﬀects, unilaterality, diﬀerent fracture behaviors in ten-
sion and compression, induced anisotropy. The model also accounts for micro-crack nucleation and growth.
Finite element solutions for some numerical tests are presented in order to illustrate the ability of the new approach to
describe known behaviors, like the localization of damage and size-dependence of the structural response. Based on a cor-
rect micro-mechanical description of the energy dissipation associated with failure, the model avoids signiﬁcant mesh
dependency for the localized damage ﬁnite element solutions.
 2007 Elsevier Ltd. All rights reserved.
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independency1. Introduction
Continuous damage models are generally phenomenological, the micro-cracking being represented as a
degradation of elastic moduli, through a damage variable for which evolution laws are postulated. In recent
years, considerable eﬀorts have been made to establish a link between microstructural fracture phenomena
and the corresponding macroscopic behaviors.
Despite the large number of contributions in the topic (see for instance Nemat-Nasser and Hori, 1999 for a
review), the micro-mechanical modelling of damage evolution in solids is still a challenging task. Almost all0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
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can cite the works of Andrieux et al. (1986), Prat and Bazant (1997), Caiazzo and Constanzo (2000) or Pense´
et al. (2002) which take into account the micro-crack evolution. Generally, the micro-mechanical analysis for
stationary cracks is supplemented by phenomenological assumptions on the evolution of damage.
In this paper, we develop a new procedure for obtaining micro-mechanical damage models for solids, in
which the damage evolution law is completely deduced from a microstructural analysis. The basic upscaling
procedure is periodic homogenization based on asymptotic developments (Benssousan et al., 1978; Sanchez-
Palencia, 1980; Bakhvalov and Panasenko, 1989). This rigorous mathematical method has been previously
employed, for elastic bodies with non-propagating micro-cracks, in Sanchez-Palencia, 1980; Leguillon and
Sancez-Palencia, 1982; Terada and Kikuchi, 2001 or in combination with phenomenological assumptions con-
cerning the damage law in Lene, 2004; Ghosh et al., 2001; Raghavan and Ghosh, 2005, etc.
Our aim is to deduce a damage evolution law that is completely given by homogenization, without supple-
mentary phenomenological assumptions. In this way, we show how size eﬀects appear naturally in the overall
response. This supposes that we stay in the limits of applicability of the homogenization method; which mainly
concerns the early stages of failure. The main ingredient is a microscopic energy analysis, performed on a
ﬁnite-size cell, which leads, through homogenization, to a macroscopic evolution equation for damage. In this
equation a normalized micro-crack length appears as a damage variable and the cell size as a material length
parameter. The resulting damage law naturally accounts for size-eﬀects (e.g. Bazant and Planas, 1997; Elkadi
and van Mier, 1997).
In the last decades, many attempts have been performed to produce mechanical models which response
depend on spatial scale of micro-heterogeneities. Enhanced continuum formulations introduce a material
length scale and overcome mesh-dependency deﬁciency of ﬁnite element solutions for the classical formula-
tions. However, most of these models are phenomenological, without precise link to microstructural eﬀects.
We note the interesting contributions of Smyshlyaev and Cherednichenko (2000) and Peerlings and Fleck
(2004) who proposed a rigorous method to obtain strain gradient homogenized equations starting from micro-
structural descriptions, for periodic two-phase media. The size of a periodicity cell appears, in their model, as
an internal length with clear microstructural signiﬁcance. However, many open questions still remain concern-
ing basic aspects of such models, like for instance the formulation of the higher order boundary conditions,
etc.
Our formulation remains in the framework of classical continuum formulations, but introduces an internal
length parameter through the damage evolution law, as a consequence of the microscopic balance of energy
and a Griﬃth-type propagation criterion for micro-cracks. We show that the presence of this material length,
which is the size of an elementary cell of periodicity, do not allow for important mesh dependence of the local-
ized ﬁnite element solution.
The energy analysis is performed on a periodicity cell of ﬁnite-size for arbitrary, a priori known, smooth
trajectories of micro-cracks. In order to allow diﬀerent possible crack orientations, a numerical procedure
is further developed for comparison and choice between elementary homogenized solutions, corresponding
to diﬀerent crack trajectories. The homogenized coeﬃcients are initially computed for every micro-crack path
and length and an incremental computational scheme is considered in which, at every step, the damage law
corresponding to diﬀerent trajectories is solved. The most important crack length is chosen and its orientation
is maintained during all subsequent steps. Damage irreversibility is assured by looking only for growing length
solutions. The model can describe failure initiation when the initial state is an undamaged one. That is, the
damage evolution law is able to model micro-crack nucleation and growth.
The model is formulated for quite general crack-face conditions. However, in this paper, we illustrate the
ability of the model to describe experimentally-observed damage behaviors for micro-cracks with frictionless
unilateral contact. At the macroscopic level, the switch between the homogenized behaviors corresponding to
crack opening or closure is carried out numerically. In this way an unilateral damage model is obtained. Dif-
ferent local micro-crack orientations provided by the damage law lead to induced anisotropy and heterogene-
ity in the global response of the specimen. The model also allows for diﬀerent fracture energies, in tension and
compression.
The micro-crack evolution leads to material softening in the homogenized response. As noted previously,
our approach aims describing the early stages of softening, when homogenization still has sense. In more
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not respect anymore the local periodicity initially assumed for the microstructure. In these stages, the initial
elementary volumes are disqualiﬁed of being representative and the homogenization technique fails to provide
the correct overall behavior.
For a proper description of the advanced stages of softening one has to supplement the present model with
a phenomenological counterpart, since the homogenization approach is not applicable to these regimes.
The paper is organized as follows. The model problem is presented in Section 2. In Section 3, the asymp-
totic developments are used to deduce the homogenized equilibrium equations. The homogenized energy
equation is obtained in the form of an evolution equation for damage in Section 5. In Section 5, we give
the energy analysis leading to the macroscopic damage law. The particular case of frictionless unilateral con-
tact is detailed in Section 6 and the corresponding numerical illustrations are presented in Section 7.
2. The model problem
We consider a two-dimensional isotropic elastic medium containing a large number of micro-cracks. A
locally periodic distribution of micro-cracks is assumed, so as one can locally ﬁnd a periodicity cell, of length
e, containing one crack (see Fig. 1). The cracks are assumed to be smooth and of length de, depending on time
t. The length de may diﬀer from one crack to another, but varies smoothly almost everywhere in the elastic
body.
We denote by B the whole body, a bounded domain of R2 with a smooth boundary containing N micro-
cracks Cn; n ¼ 1; . . . ;N and the solid part Bs ¼ B n C, where C ¼ [Nn¼1Cn. In the solid part Bs, we have the
equilibrium equationoreij
oxj
¼ 0; in Bs ð1Þand the linear elasticity constitutive relationsreij ¼ aijklexklðueÞ; ð2Þ
where ue and re are the displacement and the stress ﬁelds and where we deﬁned ezij as the small-deformations
strain tensorezij ¼ 1
2
oui
ozj
þ ouj
ozi
 
ð3Þwith respect to z-coordinates. The elastic coeﬃcients aijkl are given byaijkl ¼ kdijdkl þ lðdikdjl þ dildjkÞ ð4Þ
with k and l the Lame´ constants.
On the crack faces we assume traction free opening or frictionless contact conditions. These two alterna-
tives are expressed by the two sets of formulaeFig. 1. Fissured medium with locally periodic microstructure.
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½reN ¼ 0; N  reN < 0; T  reN ¼ 0; ½ue N ¼ 0; ð6Þwhere N is the unit normal vector, T is a unit tangent vector to the crack and [ Æ ] the jump across the crack
faces. For each micro-crack, we assume that one of the two states (5) and (6) holds in all the crack points. The
fact that each micro-crack is completely open or closed is a reasonable assumption for small crack lengths. The
way in which the switch from one state to the other is controlled will be described later, in terms of the homog-
enized solution.
The energy release rate at each crack tip, during its smooth propagation, can be expressed asGe ¼ lim
r!0
Z
Cr
e  bðueÞnds ð7Þwhere Cr is a circle of an inﬁnitesimal radius, r, surrounding the crack tip, e is the unit vector in the propa-
gation direction (see Fig. 2) andbijðueÞ ¼ 1
2
amnklexklðueÞexmnðueÞdij  rejkuek;iis the Eshelby conﬁgurational stress tensor.
We consider a Griﬃth-type energy criterion: propagation occurs when a critical energy threshold Gc is
reached (Fig. 3)Ge ¼ Gc ð8Þ
while there is no crack evolution for Ge < Gc.3. Asymptotic developments homogenization
The locally periodic microstructure is constructed from a unit cell Y = [0,1] · [0,1] by rescaling by a small
parameter e so that the period of the material is eY, as in Fig. 2. In this way, the parameter e appears as a
natural microscopic length scale. We assume that the microstructural length is small enough with respect
to the macroscopic one (a characteristic dimension of the whole body), so that to distinguish between micro-
and macroscopic variations. The two distinct scales are represented by the variables x, which are referred to as
slow or macroscopic variables and the variables y = x/e, referred to as fast or microscopic variables. The intro-
duction of the two scales implies for the total derivative with respect to xd
dxi
¼ o
oxi
þ 1
e
o
oyi
:Fig. 2. Rescaling of the unit cell to the microstructural period of the material.
Fig. 3. Crack geometry in the unit cell.
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method of asymptotic homogenization (e.g. Benssousan et al., 1978; Bakhvalov and Panasenko, 1989), we
look for expansions of ue and re in the formueðx; tÞ ¼ uð0Þðx; y; tÞ þ euð1Þðx; y; tÞ þ e2uð2Þðx; y; tÞ þ    ð9Þ
reðx; tÞ ¼ 1
e
rð1Þðx; y; tÞ þ rð0Þðx; y; tÞ þ erð1Þðx; y; tÞ þ    ð10Þwhere uðiÞðx; y; tÞ; rðiÞðx; y; tÞ; x 2 Bs; y 2 Y are smooth functions and Y-periodic in y.
Substituting the expansions (9) and (10) into Eq. (1), we obtain for the diﬀerent orders of eorð1Þij
oyj
¼ 0; or
ð1Þ
ij
oxj
þ or
ð0Þ
ij
oyj
¼ 0; or
ð0Þ
ij
oxj
þ or
ð1Þ
ij
oyj
¼ 0: ð11ÞMoreover, the constitutive relation (2) and the condition (3) via Eqs. (9) and (10), give correspondinglyrð1Þij ¼ aijkleyklðuð0ÞÞ;
rð0Þij ¼ aijklðexklðuð0ÞÞ þ eyklðuð1ÞÞÞ;
rð1Þij ¼ aijklðexklðuð1ÞÞ þ eyklðuð2ÞÞÞ:
ð12ÞAs concerns the crack face boundary conditions, for open cracks, we getrð1Þij N j ¼ 0; rð0Þij Nj ¼ 0; rð1Þij Nj ¼ 0; on CY : ð13Þ
We introduce the following space for the displacement ﬁelds:eDðY sÞ ¼ vjv 2 ½H 1ðY sÞ2; Y periodic in y; Z
Y s
vdy ¼ 0
 
:The system (11a) and (13a) can be written aso
oyj
ðaijkleyklðuð0ÞÞÞ ¼ 0 in Y s ð14Þ
ðaijkleyklðuð0ÞÞÞNj ¼ 0 on CY : ð15Þ
It can be shown that the function u(0) = u(0)(x, t) is independent of the microscopic variable, representing by
this way the macroscopic displacement ﬁeld.
Eqs. (11b) and (13b) give a boundary-value problem for the function uð1Þ 2 eD considering that u(0)(x,t) is
given, as follows:o
oyj
ðaijkleyklðuð1ÞÞÞ ¼ 0 in Y s ð16Þ
aijkleyklðuð1ÞÞNj ¼ aijklexklðuð0ÞÞNj on CY  ð17Þ
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for in the formuð1Þðx; y; tÞ ¼ npqðyÞexpqðuð0ÞÞðx; tÞ; n 2 eD ð18Þ
where n(y) are the characteristic functions representing elementary deformation modes of the unit cell (Bakhva-
lov and Panasenko, 1989).
Relations (16) and (17) are equivalent to the cell problemo
oyj
ðaijkleyklðnpqÞÞ ¼ 0 in Y s; ð19Þ
aijkheykhðnpqÞNj ¼ aijpqNj on CY  ð20Þfor every p and q and with periodicity conditions on the cell boundary. We proceed with the third boundary
value problemorð0Þij
oxj
þ or
ð1Þ
ij
oyj
¼ 0 in Y s; ð21Þ
rð1Þij Nj ¼ 0 on CY : ð22ÞWe introduce the mean value operatorhi ¼ 1jY j
Z
Y s
dy; ð23Þwhere |Y| is the measure of Y. By applying the mean value operator to Eq. (21) we obtaino
oxj
hrð0Þij i ¼ 0 ð24ÞandRð0Þij  hrð0Þij i ¼ Cijklexklðuð0ÞÞ; ð25Þ
whereCijkl ¼ 1jY j
Z
Y s
ðaijkl þ aijmneymnðnklÞÞdy ð26Þare the eﬀective or homogenized coeﬃcients.
For isotropic materials, the homogenized coeﬃcients have the formCijkl ¼ aijkl þ 1jY j
Z
Y s
ð2leyijðnklÞ þ keymmðnklÞÞdy
¼ aijkl þ 1jY j
Z
Y s
rijðnklÞdy:Since |Y| = 1, in what follows |Y| will be omitted.
Combining Eqs. (24) and (25) we take the homogenized or averaged equation of equilibriumo
oxj
ðCijklexklðuð0ÞÞÞ ¼ 0: ð27ÞThe previous results can be obtained, in an analogous manner, for closed cracks with frictionless contact. In
this case the corresponding boundary conditions should be considered on crack faces in the unit cell.
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In this section we show how to construct damage laws based on micro-mechanical energy balance on rep-
resentative elementary volume with evolving micro-cracks. We assume that the micro-crack trajectory is
smooth and a priori known. Later we will provide a way to relax this assumption and consider many possible
crack paths. For symmetric propagation of the tips, with respect to a middle point, the crack evolution is com-
pletely described by the variation of its length.
The analysis in this chapter will be done for boundary conditions on crack faces that are more general than
(5) and (6). We assume that½rð0ÞN ¼ 0: ð28Þ
Multiplication of the equationo
oyj
ðaijklexklðuð0ÞÞÞ ¼ 0by _uð1Þi , integrating over Ys and making use of the periodicity of u
(1) one obtainsZ
CY
aijklexklðuð0ÞÞNj½ _uð1Þi dsy ¼
Z
Y s
aijklexklðuð0ÞÞeyijð _uð1ÞÞdy: ð29ÞThe second equation in (11) can be written aso
oyj
ðaijklexklðuð0ÞÞ þ aijkleyklðuð1ÞÞÞ ¼ 0:Multiplication of this equation by uð1Þi , integration on Ys and use of the continuity condition (28) lead toZ
CY
rð0Þij Nj½uð1Þi dsy ¼
Z
Y s
ðaijklexklðuð0ÞÞ þ aijkleyklðuð1ÞÞÞeyijðuð1ÞÞdy: ð30ÞWe also have the equalityZ
Y s
aijkleyklðuð1ÞÞdy ¼ ðCijkl  aijklÞexklðuð0ÞÞ: ð31ÞIndeed, by replacing u(1) as a function of u(0) (18), for the right member of (31) we haveZ
Y s
aijkleyklðuð1ÞÞdy ¼
Z
Y s
aijkleyklðnmnðyÞÞdy exmnðuð0ÞÞand by using the expression (26) under the formCijmn ¼ aijmn þ
Z
Y s
aijkleyklðnmnðyÞÞdywe get (31).
For the balance of energy on the unit cell, we prove the following result.
Proposition 1. Under the continuity condition (28) the following energy balance relation holds :d
dt
Z
Y s
1
2
aijkleyklðuð1ÞÞeyijðuð1ÞÞdyþ Gy dd
dt
¼
Z
CY
aijkleyklðuð1ÞÞNj½ _uð1Þi dsy ð32ÞwithGy ¼ lim
r!0
Z
CY r
e  bðuð1ÞÞndsy ð33Þwhere e is the unit vector in the propagation direction (see Fig. 2) and b(u(1)) is the Eshelby configurational stress
tensor
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Uðuð1ÞÞ ¼ 1
2
aijkleyklðuð1ÞÞeyijðuð1ÞÞ;
rikðuð1ÞÞ ¼ aiklmeylmðuð1ÞÞ:
ð34ÞProof. Let Yr  Y the domain in the unit cell (see Fig. 3) deﬁned by Y r ¼ Y n fCY þr [ CY r [ CY lr [ CY rrg such
thatlim
r!0
Y r ¼ Y s:Multiplication of (16) by _uð1Þi and integration on Yr givesZ
Y r
d
dt
1
2
aijkleyklðuð1ÞÞeyijðuð1ÞÞ
 
dy
Z
Y r
o
oyj
ðaijkleyklðuð1ÞÞ _uð1Þi Þdy ¼ 0: ð35ÞBy using a transport theorem (see Truesdell and Toupin, 1960, Eq. (81.4)) for the ﬁrst integral we getZ
Y r
d
dt
1
2
aijkleyklðuð1ÞÞeyijðuð1ÞÞ
 
dy ¼ d
dt
Z
Y r
1
2
aijkleyklðuð1ÞÞeyijðuð1ÞÞdyþ
Z
CY rr[CY lr
1
2
aijkleyklðuð1ÞÞeyijðuð1ÞÞ

_d
2
n:edsy :Integrating by parts in the second integral of (35) and using the periodicity of u(1) on the external boundary
and (28) we obtainZ
Y r
o
oyj
ðaijkleyklðuð1ÞÞ _uð1Þi Þdy ¼
Z
CYþr
aijkleyklðuð1ÞÞNþj ½ _uð1Þi dsy 
Z
CY rr[CY lr
aijkleyklðuð1ÞÞnj _uð1Þi dsy :In this way (35) becomesd
dt
Z
Y r
1
2
aijkleyklðuð1ÞÞeyijðuð1ÞÞdyþ
Z
CY rr
S
CY lr
1
2
aijkleyklðuð1ÞÞeyijðuð1ÞÞ
_d
2
n:eþ aijkleyklðuð1ÞÞnj _uð1Þi
 !
dsy

Z
CYþr
aijkleyklðuð1ÞÞNþj ½ _uð1Þi dsy ¼ 0:At the limit, for r! 0, we obtain
d
dt
Z
Y s
1
2
aijkleyklðuð1ÞÞeyijðuð1ÞÞdyþ
_d
2
ðGry þ GlyÞ 
Z
CY
aijkleyklðuð1ÞÞNj½ _uð1Þi dsy ¼ 0:Assuming that Gry ¼ Gly ¼ Gy the relation (32) follows.
This allows us to formulate the main result of this section. h
Theorem 1. Under the condition ½rð0Þij N j ¼ 0 on the crack faces of an evolving crack CY of length d(t) in the unit
cell we have1
2
dd
dt
dCijkl
dd
exklðuð0ÞÞexijðuð0ÞÞ þ Gy dd
dt
þ d
dt
Z
CY
1
2
rð0Þij N j½uð1Þi dsy 
Z
CY
rð0Þij Nj½ _uð1Þi dsy ¼ 0: ð36ÞProof. By addition of (29) and (32) and reordering the terms we arrive atZ
CY
ðaijklexklðuð0ÞÞ þ aijkleyklðuð1ÞÞÞNj½ _uð1Þi dsy  Gy
dd
dt
¼ d
dt
Z
Y s
1
2
aijkleyklðuð1ÞÞeyijðuð1ÞÞdy
þ
Z
Y s
aijklexklðuð0ÞÞeyklð _uð1ÞÞdy:
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second integral in the right member of the previous relation readsZ
Y s
aijklexklðuð0ÞÞeyklð _uð1ÞÞdy ¼ d
dt
Z
Y s
aijklexklðuð0ÞÞeyijðuð1ÞÞdy
Z
Y s
aijklexklð _uð0ÞÞeyijðuð1ÞÞdyso thatZ
CY
ðaijklexklðuð0ÞÞ þ aijkleyklðuð1ÞÞÞNj½ _uð1Þi dsy  Gy
dd
dt
 1
2
d
dt
Z
Y s
aijklðexklðuð0ÞÞ þ eyklðuð1ÞÞÞeyijðuð1ÞÞdy
¼ 1
2
d
dt
Z
Y s
aijklexklðuð0ÞÞeyijðuð1ÞÞdy
Z
Y s
aijklexklð _uð0ÞÞeyijðuð1ÞÞdy:This equation can be further modiﬁed by making use of (30) for the last integral in the left-hand side. We getZ
CY
ðaijklexklðuð0ÞÞ þ aijkleyklðuð1ÞÞÞNj½ _uð1Þi dsy  Gy
dd
dt
 1
2
d
dt
Z
CY
ðaijklexklðuð0ÞÞ þ aijkleyklðuð1ÞÞÞNj½uð1Þi dsy
¼ 1
2
d
dt
Z
Y s
aijklexklðuð0ÞÞeyijðuð1ÞÞdy
Z
Y s
aijklexklð _uð0ÞÞeyijðuð1ÞÞdywhich, by (31), yieldsZ
CY
ðaijklexklðuð0ÞÞ þ aijkleyklðuð1ÞÞÞNj½ _uð1Þi dsy  Gy
dd
dt
 1
2
d
dt
Z
CY
ðaijklexklðuð0ÞÞ þ aijkleyklðuð1ÞÞÞNj½uð1Þi dsy
¼ 1
2
dCijkl
dd
dd
dt
exklðuð0ÞÞexijðuð0ÞÞThis relation is equivalent to (36). h5. The damage evolution law
In this section we construct a damage evolution law starting from (36), using the properties of the homog-
enized solution and a scaling relation for the energy release rate.
The integrals in Eq. (36) may be expressed in terms of the characteristic functions npqi asd
dt
Z
CY
1
2
rð0Þij Nj½uð1Þi dsy ¼
dd
dt
d
dd
1
2
Z
CY
aijklðdmkdnl þ eyklðnmnÞÞNj½npqi dsy
 
exmnðuð0ÞÞexpqðuð0ÞÞ
þ
Z
CY
aijklðdmkdnl þ eyklðnmnÞÞNj½npqi dsyexmnðuð0ÞÞexpqð _uð0ÞÞ ð37Þand Z
CY
rð0Þij Nj½ _uð1Þi dsy ¼
Z
CY
aijklðdmkdnl þ eyklðnmnÞÞNj½npqi dsyexmnðuð0ÞÞexpqð _uð0ÞÞ þ
Z
CY
aijklðdmkdnl þ eyklðnmnÞÞ
 Nj½ _nipqdsyexmnðuð0ÞÞexpqðuð0ÞÞ ð38Þ
When this is substituted in (36) leads todd
dt
1
2
dCijkl
dd
exklðuð0ÞÞexijðuð0ÞÞ þ Gy þ d
dd
1
2
Z
CY
aijklðdmkdnl þ eyklðnmnÞÞNj½npqi dsy
 
exmnðuð0ÞÞexpqðuð0ÞÞ
 

Z
CY
aijklðdmkdnl þ eyklðnmnÞÞNj dn
pq
i
dd
 
dsyexmnðuð0ÞÞexpqðuð0ÞÞÞ ¼ 0: ð39ÞWe prove further that Gy can be expressed with G and if the crack propagation criterion (8) is used to complete
the above energy relation we obtain a damage law in the form
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dt
1
2
dCijkl
dd
exklðuð0ÞÞexijðuð0ÞÞ þ Gce þ Imnpqexmnðu
ð0ÞÞexpqðuð0ÞÞ
 
¼ 0; ð40ÞwhereImnpq ¼ d
dd
1
2
Z
CY
aijklðdmkdnl þ eyklðnmnÞÞNj½npqi dsy
 

Z
CY
aijklðdmkdnl þ eyklðnmnÞÞNj dn
pq
i
dd
 
dsy : ð41ÞLet us remark that Eq. (40) is entirely expressed in terms of the homogenized solution u(0), while the coeﬃ-
cients (41) may be a priori computed with the unit cell solutions, for diﬀerent crack lengths when the crack
trajectory is known.
In (40) we have used the scaling relation for the energy-release rateGe ¼ eGy ð42Þ
together with the propagation criterion (8). This scaling relation introduces the microstructural length param-
eter e in the damage evolution law.
To prove (42) we use the expression (7) of the initial energy-release rate and the two-scale development (9)
of ue(x, t). The ﬁrst terms in the developments of exkl(u
e) and rejk areexklðueÞ ¼ exklðuð0ÞÞ þ eyklðuð1ÞÞ;
rejk ¼ ajkmnðexmnðuð0ÞÞ þ eymnðuð1ÞÞÞ:Therefore, the relation (7) becomesGe ¼ lim
r!0
Z
Cr
ei
1
2
amnklðexklðuð0ÞÞ þ eyklðuð1ÞÞÞðexmnðuð0ÞÞ þ eymnðuð1ÞÞÞdij

aikmnðexmnðuð0ÞÞ
þ eymnðuð1ÞÞÞ ou
ð0Þ
k
oxj
þ ou
ð1Þ
k
oyj
 !!
njdS: ð43ÞBy change of variables in the integral (43) with dS = edsy and taking into account the singularity of u
(1) at
crack tips (e.g. Freund, 1998) we getGe ¼ e lim
r!0
Z
CY r
ei
1
2
amnkleyklðuð1ÞÞeymnðuð1ÞÞdij  aikmneymnðuð1ÞÞ ou
ð1Þ
k
oyj
 !
njdsywhich proves that Ge ¼ eGy .
We remark that writing the balance of energy of an elementary volume of size e on a unit cell makes the size
e appear in the damage law. The size dependence of the energy release rate makes inappropriate the classical
procedure of the asymptotic homogenization which studies ﬁelds behavior at the limit e ! 0. For size depen-
dent quantities, like the energy release rate, the appropriate analysis is that in which e remains ﬁnite. We note
that the analysis in Smyshlyaev and Cherednichenko (2000) and Peerlings and Fleck (2004) is also done for
ﬁnite cell size, which appears in the homogenized equations as a microstructural length.
The information about micro-cracks is contained in the homogenized coeﬃcients and the damage evolution
law. The homogenized coeﬃcients describe the overall response in the presence of (possibly static) micro-
cracks, as they are computed with the (quasi-) static microscopic solution. The damage law contains the infor-
mation about the evolution of micro-cracks, as a result of the energy balance in time during the microscopic
propagation.
The presence of the internal length parameter e in the damage law (40) shows the degree of approximation
with respect to the asymptotic developments. Even if this equation is expressed only in terms of zero-order
displacements u(0), the contribution of the ﬁrst order terms is included in this equation. In contrast with
the homogenized equilibrium equation (27), the micro-fracture energy balance, which is a scale-dependent
relation, naturally retains this contribution.
The homogenization procedure adopted here is essentially based on the ﬁrst order cell solutions. We
assumed that the macroscopic ﬁelds variations take place at a scale much bigger than e. For the description
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following the procedure in Smyshlyaev and Cherednichenko (2000), we would expect to obtain a second order
model able to describe the correct homogenized behavior in highly oscillating zones. This will involve higher-
order contributions of the cell solutions.
In what follows we give some numerical examples to show how the microstructural length e inﬂuences the
macroscopic response of the material.
6. Unilateral brittle damage – Numerical implementation
The general damage law derived in the previous section is here considered for unilateral brittle damage, in
which we assume frictionless unilateral contact on the micro-cracks. After reviewing the system of equations
describing this model, we propose a numerical integration scheme based on ﬁnite elements.
As concerns the geometry of the micro-cracks, we assume that they are straight and extend symmetrically
with respect to the center point of the elementary volume. Many possible orientations (see Figs. 4 and 5) of
cracks are considered and we propose a numerical algorithm to choose between them and to compute the
crack length.
Summarizing the equations of the previous sections, for cracks with unilateral contact we have
– homogenized equilibrium equation:Fig. 4.
and reo
oxj
ðCijklðdÞexklðuð0ÞÞÞ ¼ 0: ð44Þ– damage evolution law:1
2
dCijkl
dd
exklðuð0ÞÞexijðuð0ÞÞ þ Gce
 
dd
dt
¼ 0: ð45Þ– damage irreversibility condition:dd
dt
P 0: ð46ÞFor dd
dt 6¼ 0, the parenthesis in (45) should vanish. The ﬁrst term in this parenthesis is the negative of the dam-
age energy release rate on a cell while the last one represents the energy necessary for micro-crack propagation.
When the energy potentially released by the elastic body becomes equal to the necessary energy for fracture,
the micro-cracks are propagating. At the macroscopic level this corresponds to the evolution of damage.0 0.5 1
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Fig. 5. Eﬀective coeﬃcients for crack orientation (c). For the orientation (d), we have the same values, except C1112 which changes its sign
C1112.
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micro-crack nucleation. The initiation should be understood in the sense of the limit when the pre-existing
crack is indeﬁnitely small. The analysis leading to Eq. (45) concerns the propagation of a pre-existing crack.
By considering a sequence of pre-existing cracks with lengths converging to zero, the limit of the correspond-
ing damage equations gives the damage initiation equation. In this sense, the energy released is that corre-
sponding to the extension of a crack from an inﬁnitesimal one to the present crack. The length of the later
is given by the solution of the algebraic equation obtained by equating the parenthesis in (45) with zero.
The energy scaling relation still holds as the limit of the scaling relations of the above deﬁne sequence of
cracks. It involves the length of the cell e which remains the same for each element of the ﬁctitious sequence
of cracks.
We also note that the incremental scheme used for the numerical resolution of the damage equation,
described below, allows us to consider for crack initiation a diﬀerent critical value of the fracture energy than
the one used further for its propagation.
For evolving damage dd
dt 6¼ 0, the parenthesis in (45) should vanish and, for given macroscopic deformation
exkl(u
(0)), it becomes an algebraic equation in d. This suggests a computational scheme in which the damage
equation and the equilibrium equation are not solved simultaneously. When there is no solution d which
makes the expression in the parenthesis in (45) equal to zero, we conclude that the damage is not evolving,
i.e. dd
dt ¼ 0.
The last condition (46) expresses the fact that micro-cracks cannot heal during the deformation of the body.
In an incremental resolution, the irreversibility is assured by looking for damage values larger than the pre-
vious ones.
Let us describe the numerical resolution algorithm proposed for the resolution of the system (44)–(46). The
homogenized coeﬃcients are functions of the damage variable d, the normalized crack-length. For every ori-
entation and for every state of tension or compression, the coeﬃcients are initially computed for a large num-
ber of d 2 [0,1], obtaining in this way, after interpolation, the numerical function Cijkl(d). A penalty method is
implemented for the computation of the homogenized coeﬃcients in the case of contact between crack faces.
As concerns the distinction between the microscopic states of contact and opening, the following procedure
is proposed. On the crack faces, in the unit cell, one has the conditions (17), in which the macroscopic solution
appears within a force-type source term. The orientation of this force vector with respect to crack line, i.e. the
tendency of this force to open or close the crack, may be considered as an indicator of the opening or closing
state. At the macroscopic level, these two states induce a separation of the space R of deformations
ex11, ex12, ex22 into two subregions R
± deﬁned byR ¼ fex j Niaijklexklðuð0ÞÞNj?0g; ð47Þ
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the two elementary homogenized behaviors, corresponding to tension and compression on cracks, is realized
at the macroscopic level, through the overall deformation ﬁeld.
We consider an incremental resolution of the above system, in which a ﬁnite element approximation is con-
sidered for the macroscopic displacements. The computation of the damage variable is carried out in every
integration point, by numerical resolution of the damage equation. For the variable d, one Gauss point per
element is considered. The numerical algorithm is described below.
Incremental Resolution Algorithm
1. Start
2. Data initialization and computation of the homogenized coeﬃcients:
• n = 1 (ﬁrst increment)
• in every Gauss point initialize d1e , e = 1,nelem
• compute Cijklðd1eÞ3. Incremental computation of displacements (un+1) with the coeﬃcients CijklðdneÞ.
4. Computation of homogenized deformationsenþ1xij ¼
1
2
ounþ1i
oxj
þ ou
nþ1
j
oxi
 !
5. Resolution of damage equation for dnþ1e in every integration point
• Check for previous crack in the element	 If a crack already exists we keep its orientation:
} Determine if the crack is in tension/compression (condition (47))
– if tension compute dnþ1e 2 ½dne ; 1 solution of (45) with coeﬃcients in tension
– else compute dnþ1e 2 ½dne ; 1 with coeﬃcients in compression	 else loop over diﬀerent orientations
} check tension/compression condition (47))
} compute dnþ1e 2 ½dne ; 1 for every orientation
} choose crack of higher length and remember its orientation6. Computation of the new overall coeﬃcients Cijklðdnþ1e Þ for corresponding orientation and of stresses
Rnþ1ij ¼ Cijklðdnþ1e Þenþ1xkl
7. If n < nmax, n = n + 1 and go to 3, else go to 8.
8. End
For the numerical computations we used bilinear quadrilateral ﬁnite elements. Four Gauss points per
element were considered for the displacements and one for the damage variable (d) and the elastic moduli
Cijkl(d).
The theory presented in the paper may be extended in some diﬀerent directions. One may consider non-
symmetric extensions of micro-cracks. In this case, the fracture energy term in the damage equation (45)
will contain contributions for the two crack tips. In this case, the homogenized coeﬃcients have to be com-
puted initially for all the combinations of the two tips positions, for a given orientation of a crack. An
appropriate deﬁnition of the damage variable is necessary in this case. We could also consider micro-crack
paths which are piecewise linear. In this case one has to consider more subdomains of linearity (see rel.
(47)) for the computation of the homogenized coeﬃcients. Further developments are necessary to properly
formulate these extensions.
It is also interesting to note how the results presented here extend to the case of a three-dimensional locally
periodic structure, with each cell containing a plane crack. Direct calculations show that, in this case, the scal-
ing relation (42) becomes Ge ¼ e2Gy and in the last term in the damage equation (45) e will be replaced by e2.
The analysis of this case will be addressed in a future work.
This numerical implementation is used, in the next Section, to simulate some elementary damage tests.
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Consider an isotropic elastic material in which micro-cracks may appear and evolve. For simplicity, we con-
sider only four possible orientation of these micro-cracks, as in Figs 4 and 5.
As mentioned in the previous section, in the ﬁrst step we compute of the homogenized coeﬃcients. We con-
sider a material with the following elastic constants : the Young modulus E = 2e9 Pa, the Poisson ratio m = 0.3
and the fracture energy Gc ¼ 28 J=m2.
The homogenized coeﬃcients, in tension and compression, are computed from the corresponding char-
acteristic solutions of the cell problem. We used isoparametric six-nodes triangular ﬁnite elements, with a
rosette of quarter point elements and mesh reﬁnement near crack tips. The periodicity condition on the
external boundaries of the cell was implemented with Lagrange multipliers. For the contact condition
on the crack we used a penalty method. Convergence of the computed values of the coeﬃcients have been
tested for diﬀerent meshes and a 1500 elements mesh has been retained as providing accurate values. The
coeﬃcients were computed for 30 values of d, for every crack orientation, and then interpolated with poly-
nomials of order 10.
In Figs. 4 and 5, the non-vanishing components of the eﬀective coeﬃcients are represented, as functions of
crack lengths, for diﬀerent orientations. We note that the presence of micro-cracks leads to induced anisotropy
in the overall response. The unilateral eﬀect is realized through diﬀerent values of the homogenized coeﬃcients
for tension/compression.
We note that for d = 0 the homogenized coeﬃcients are equal to the initial elastic moduli. For d5 0, they
express the fact that the presence of a crack in the direction normal or parallel to a compression loading is not
felt. In tension, for large cracks the coeﬃcients giving the resistance in the direction of the loading approach to
0. The periodicity boundary conditions, which take into account the interaction between adjacent cells, inﬂu-
ence the behavior of the homogenized moduli. Indeed, as we can see in Fig. 5, for large cracks in tension there
is a change of slope of the curves and, more radically, C1122 is increasing. If for small or mean length cracks the
inﬂuence of the adjacent cell is not felt, for large cracks it inﬂuences the global response of the cell. The peri-
odicity conditions do not allow dilatations or contractions of the cell. This also explains why, for instance,
C1122 is increasing in compression.
In order to investigate the size eﬀects in the homogenized behavior, we have analyzed the numerical
constitutive response which results from the algorithm described previously. Figs. 6 and 7 show the depen-
dence of the damage yield stress on the microscopic cell size e and, respectively, 1=
ﬃﬃ
e
p
under uniaxial ten-
sion/compression loadings. For each value of e, the uniaxial tests were controlled through the applied
deformation ex11. We note that for smaller cell sizes we have higher thresholds of damage initiation.
We note the linear dependence on 1=
ﬃﬃ
e
p
, in both tension and compression. This actually results in a
Hall–Petch type law of the form0 5 10 15 20
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Fig. 6. Evolution of the limit of damage initiation as a function of the microstructural size e and, respectively, 1=
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under uniaxial tension
loading, for initial damage values d0 = 0 and d0 = 0.5.
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Cdﬃﬃ
e
p :Figs. 6 and 7 show the dependence of the constant Cd on the initial damage value.
In Fig. 8, size eﬀects on damage initiation curves are represented for bi-axial deformation-controlled load-
ing. Elasticity domains in the macroscopic deformation plane for three cell sizes when (a) ex22 = 0 and (b)
ex12 = 0. Larger domains correspond to smaller sizes of the microstructure. We obtain a similar size eﬀect
in the local response as in the uniaxial case.
Let us consider now two plane strain tests for the conﬁguration given in Fig. 9. A vertical displacement is
applied uniformly on the upper boundary, while the lower boundary is ﬁxed in the vertical direction u2 = 0. A
lateral pressure P may be applied on the left and right sides of the specimen.
We ﬁrst consider a uniaxial tension test, with P = 0. The specimen dimensions are given by L = 0.1 m (cf.
Fig. 9). The upper (x2 = 0.1) and lower (x2 = 0) platens are assumed to be rigid and maintained in an hori-
zontal position. The displacement u2 = u is applied to the upper boundary. The elastic constants are the same
as before, and the fracture energy is Gc ¼ 1 J=m2.
For the initiation of damage we consider 6 elements with pre-existing micro-cracks, with d = 1, positioned
laterally at mid-height of the specimen (Fig. 10.1). The sequence in Fig. 10 shows the evolution of the damage
zone during the tension loading.0 5 10 15 20
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Fig. 9. Geometry and loading for the biaxial test.
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e = 1e  4m. Our homogenization procedure associates to the Gauss point of an element a microstructure
consisting of a periodic distribution of cells (see Fig. 1). The size of the cells should be smaller than the element
size. In the present computations, the ratio element size/cell size is about 10. The performed numerical tests
showed that the damage zone is not dependent on the cell size.Fig. 10. Evolution of damage in tension, initiated in the conﬁguration (1).
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Fig. 11. Global stress–displacement curve in tension.
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on this curve correspond to the damaged states in Fig. 10. We note that damage evolution corresponds to an
abrupt softening zone in the global response.
Consider now the mesh-dependency problem. We used two meshes with 20 · 41 and, respectively, 30 · 61
elements. The corresponding damage distributions are given in Fig. 12 and the stress–displacement curves in
Fig. 13. Both the damage zones and the stress–displacement curves are almost identical. This indicates that the
ﬁnite element solutions for (44)–(46) do not show the classical mesh dependency of the ﬁrst order models. This
result is a consequence of the fact that the model introduces an internal length, through the energy-based dam-
age law.
We analyze now the inﬂuence of the microstructural size on the structural response of the specimen. In
Fig. 14, we give stress–displacements curves for three diﬀerent values of the size e of an elementary cell.
We observe a size eﬀect on the global response in accordance with the local analysis: for smaller microstruc-
tural scales the failure occurs at higher levels of loadings.
Finally, we show that the damage zone is sensitive to the way we initiate the failure process. In Fig. 15, we
represented three diﬀerent damage zones. They correspond to diﬀerent degrees of damage corresponding to
the initial micro-cracks considered in the 6 elements at the mid-height of the specimen : d(0) = 0.8,
d(0) = 0.5 and respectively d(0) = 0.2. For larger initial lengths of micro-cracks, the damage evolution is better
directed and the resulting damage zone is more localized, while for small initial micro-cracks the evolution is
less oriented and damage is more distributed. This damage zone sensitivity to the initial defects size needs
experimental conﬁrmation. The authors are not aware of existing experimental work on this topic.Fig. 12. Mesh dependence in tension: similiar damage zones for meshes with (a) 820 elements, (b) 1830 elements.
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Fig. 13. Mesh dependence in tension: identical stress–displacement curves for the meshes in Fig. 12.
Fig. 15. Inﬂuence of the initial micro-crack lengths: (a) d(0) = 0.8, (b) d(0) = 0.5, (c) d(0) = 0.2 on the damage distribution zone.
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Fig. 14. Size eﬀect in tension: stress–displacement curves for diﬀerent values of e.
Fig. 16. Localized band formation for damage in compression: central initialization.
426 C. Dascalu et al. / International Journal of Solids and Structures 45 (2008) 409–430The examples considered here show rapid ﬂuctuations of the macroscopic ﬁelds at the damaged zone
boundary. As remarked previously, for the description of the macroscopic behavior in these regions an
enriched homogenization procedure is needed.
Next, a biaxial compression test is considered. The geometry is that described in Fig. 9, with L = 0.1 m. The
material parameters are: E = 2e9 Pa, m = 0.3 and Gc ¼ 28 J=m2 and e = 8e  4m. A conﬁning pressure is ini-
tially applied to the sides of the specimen and after maintained constant during the applied displacement com-
pressive vertical loading.
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respectively. They lead to a damage localization behavior. The corresponding stress–displacement curves
are given in Fig. 17 and, respectively, Fig. 19. We note that after the complete band formation, inside the
band, the homogenized coeﬃcients, like C2222, are not vanishing (cf. Fig. 5, for d close to 1), that is, the mate-
rial is not loosing completely its cohesion and the specimen is behaving like a two-constituent structure, with5.2 5.5 5.8 6.1 6.4 6.7
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Fig. 17. Stress–displacement curve for central initiation in Compression.
Fig. 18. Localized band formation for damage in compression: bottom initialization.
1.6 1.7 1.8 1.9 2 2.1
x 10-4
6.5
7
7.5
8
x 106 (a)
(b)
(c)
(d)
(e)
Fig. 19. Stress–displacement curve for bottom initiation in compression for the bottom initiation case.
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band formation in compression under conﬁnement, for instance in brittle rocks materials.
We study now the mesh dependency of the ﬁnite element solution. Three diﬀerent meshes are considered:
10 · 20 elements, 15 · 31 elements and 20 · 40 elements. With an equivalent initiation, the localized damage
distributions in the three situations, are shown in Fig. 20. The corresponding stress–displacement curves are
pictured in Fig. 21. It is evident that neither widths of the bands nor the global response curves show impor-Fig. 20. Mesh dependence in compression: the same band width for (a) 200, (b) 455, (c) 800 elements.
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Fig. 21. Mesh dependence in compression: global stress–displacement curves independent on the meshes in Fig. 20.
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Fig. 22. Size eﬀects on global response in compression.
Fig. 23. Inﬂuence of the initial ‘‘cracked’’ zone on the localization band width for damage.
Fig. 24. Inﬂuence of the initial micro-crack lengths: (a) d(0) = 1, (b) d(0) = 0.9, (c) d(0) = 0.8, (d) d(0) = 0.6, of the same initial ‘‘macro-
crack’’, on the localization mode for damage.
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reﬁned analysis of other loading cases and body conﬁgurations appears to be necessary.
Size eﬀects are also present in compression. The dependency of the global response on the microstructural
length e is illustrated in Fig. 22. The curves concern the tests with central initiation, described previously (Figs.
16 and 17).
Finally, we study the sensitivity of the localized damage band on the initial damage distribution. In Fig. 23,
we started from three initial damage states, for which in every element we assumed that d = 1. Depending on
the number of elements on which the initial ’’crack’’ is distributed, we obtain diﬀerent band widths. We have a
similar eﬀect as in tension: the more we orient the initial damage evolution the more the damage band is
localized.
An important dependence on the initiation mode is also observed when, for the same length of the initial
macro-crack zone, diﬀerent micro-crack lengths are considered inside. Indeed, the results in Fig. 24 show dif-
ferent localization modes for diﬀerent initial lengths: ((a) d(0) = 1, (b) d(0) = 0.9, (c) d(0) = 0.8, (d) d(0) = 0.6).
The physical meaning of this numerical result is the same as before: less we orient initially the evolution less
localized will be the damage distribution. In this case, we note the passage from one band to another and also
the formation of a reﬂected band.8. Conclusions
A new procedure to construct micro-mechanical damage models has been proposed in the paper. The
asymptotic homogenization technique was employed to deduce the overall response of a micro-fractured elas-
tic body. A damage evolution equation has been completely obtained from the microscopic energy balance for
evolving micro-cracks. The resulting damage model incorporates stiﬀness degradation, material softening, size
eﬀects, unilaterality, diﬀerent tension/compression fracture behaviors, induced anisotropy. It also accounts for
micro-crack nucleation and growth. Since the microstructural length, representing the size of the periodicity
430 C. Dascalu et al. / International Journal of Solids and Structures 45 (2008) 409–430cell, enters the homogenized damage law, the model is able to describe size eﬀects. To illustrate this new
approach the case of unilateral brittle damage has been analyzed in details.
A numerical implementation scheme, based on ﬁnite elements approximations, has been considered and
numerical results for uniaxial tension and biaxial compression tests have been presented. Experimentally
known behaviors, like the localization of damage and size-dependence of the structural response, have been
reproduced with the new model. Based on a correct micro-mechanical description of the energy dissipation
associated with failure, the model avoids signiﬁcant mesh dependency for the localized ﬁnite element solutions.
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